We study marginal deformations of superconformal Chern-Simons matter theories that are based on 3-algebras. For this, we introduce the notion of an associated 3-product, which captures very general gauge invariant deformations of the superpotentials of the BLG and ABJM models. We also consider conformal multi-trace deformations preserving N = 2 supersymmetry. We then use N = 2 supergraph techniques to compute the two-loop beta functions of these deformations. Besides confirming conformal invariance of both the BLG and ABJM models, we also verify that the recently proposed β-deformations of the ABJM model are indeed marginal to the order we are considering.
Introduction
In the work of Bagger, Lambert [1] as well as Gustavsson [2] , a candidate theory for multiple M2-branes was proposed, which has attracted much attention in the last year. Initially, this theory was conjectured to be an IR description of stacks of M2-branes in the same sense as maximally supersymmetric Yang-Mills theory (SYM) provides an effective description of stacks of D-branes. Soon after its discovery, however, it was realized that this Bagger-Lambert-Gustavsson (BLG) model cannot capture stacks of arbitrarily many M2-branes: Its interactions and the gauge algebraic structure are based on 3-Lie algebras 1 [4] , and there is only one such 3-Lie algebra which fulfills all reasonable physical requirements [5] .
One way to circumvent this problem is to generalize the concept of a 3-Lie algebra as done in [6] and [7] . These generalizations yield superconformal field theories which allow for more freedom but at the cost of a reduced amount of supersymmetry compared to the original BLG model. The generalizations discussed in [6] , for example, yield the so-called Aharony-BergmanJafferis-Maldacena (ABJM) model [8] as a special case, see also [9] . This theory shares many features with N = 4 SYM theory in four dimensions such as planar integrability [10] [11] [12] [13] (see [14] for an earlier account). Therefore, it is interesting to ask what phenomena familiar from N = 4 SYM theory in four dimensions persist in these generalized BLG-type models.
One such phenomenon is the existence of marginal deformations. There is a 3-parameter family of such deformations of N = 4 SYM theory, which was found by Leigh and Strassler [15] . These include in particular the so-called β-deformations as a subclass. Written in terms of fourdimensional N = 1 superfields, where the field content of N = 4 SYM theory is encoded in three chiral superfields Φ i , i = 1, 2, 3, and a vector superfield, these deformations are given by the superpotential terms
The theories with such a superpotential are still finite and, as they are written in terms of superfields, they are manifestly N = 1 supersymmetric.
In this paper, we make an attempt at the construction of analogous deformations for BLGtype models. For a rough guideline on what structures one expects to arise at 3-algebra level, one can look at the reduction process from M2-branes to D2-branes as described in [16] . For this reduction, one has to compactify a direction transverse to the M2-branes on a circle. In [16] , it was suggested that in this compactification process, the scalar describing M2-brane fluctuations in this direction would acquire the vacuum expectation value
Here, R is the radius of the circle, ℓ p the Planck length, and g Y M the Yang-Mills coupling constant. The interaction terms of the BLG model are formulated using totally antisymmetric 3-brackets of 3-Lie algebras. In the reduction process, 3-brackets of the form [X • , X 2 , X 3 ] reduce to commutator terms g Y M [X 2 , X 3 ] = [X • , X 2 , X 3 ], and in a strong coupling expansion, only those 3-bracket expressions which reduce to a commutator survive. To obtain terms which correspond to β-deformed commutators, one evidently has to relax the total antisymmetry of the 3-bracket. One is therefore led to look for marginal deformations amongst models which are built from the 3-Lie algebras introduced in [6] and [7] .
There are already proposals for β-deformations of both the BLG and the ABJM model in the literature [17, 18] based on considering gravitational duals. Here, we will study such deformations in more detail from the gauge theory perspective: We will write down the most general gauge invariant deformations of BLG-type models based on 3-algebras in N = 2 superspace. Although the generalized 3-Lie algebras of [6] and [7] already allow for certain classes of marginal deformations, we find that we should also introduce the notion of an associated 3-product: A new triple product, which transforms covariantly under gauge transformations. Moreover, we include all classically conformal multi-trace terms that are compatible with N = 2 supersymmetry. 2 The Lagrangians we find are rather restrictive, but contain the deformations studied in [18] . We then evaluate the beta functions of the couplings arising from the admissible deformations using supergraph techniques up to two-loop order. We confirm the conformal invariance of the BLG and the ABJM model as well as the deformations of [18] at quantum level to this order in perturbation theory.
This paper is structured as follows. In Section 2, we discuss the necessary 3-algebraic structures, the relation between 3-algebras and their associated gauge algebras and introduce asso-ciated 3-products. In Section 3, we present the Lagrangians of the BLG-type models we are interested in as well as their deformations. The results of our computation of the beta function up to two loops are then given in Section 4, and we conclude in Section 5. In the Appendices, we collect some useful formulae used throughout this work.
3-Algebras and associated 3-products
The need for extending the BLG model to higher numbers of M2-branes led to two generalizations of the notion of a 3-algebra: the generalized 3-Lie algebras [7] , which we will refer to as real 3-algebras, and the Hermitian 3-algebras [6] , see also [20] for a summary and a re-interpretation in terms of ordinary Lie algebras. In both cases, the underlying 3-bracket is no longer required to be totally antisymmetric.
In the following, we will review these structures as well as their representations using matrix algebras. We also introduce the notion of an associated 3-product, a generalization of a 3-bracket 3 , which will allow us to discuss extended superpotential terms yielding marginal deformations of both the BLG and ABJM models. (i) The real fundamental identity:
Real 3-algebras
(ii) the real compatibility relation:
(iii) and the real symmetry property:
This is a generalization of the concept of a 3-Lie algebra in the sense of Filippov [4] , which amounts to the special case of a totally antisymmetric 3-bracket.
Choosing a basis τ a of A, a = 1, . . . , dim A, we can introduce the metric h ab and the structure constants f abcd as
Because of the properties (ii) and (iii), the structure constants obey the following symmetry relations:
When taking the 3-bracket of 2 -graded objects as e.g. bosonic or fermionic fields, we define the 3-bracket to be insensitive to the grading:
Every real 3-algebra comes with an associated Lie algebra g A , the Lie algebra of inner derivations on A. Choosing a basis τ a of A, we define g A to be the image of the map δ : Λ 2 A → Der(A) that is given by
for A ∈ A. Note that X ab = −X ba . Note also that δ is not an injective map in general and thus the components X ab in the definition of δ X are usually not uniquely defined. The Lie bracket
Closure of this bracket on g A follows from the fundamental identity (2.1a).
Additionally, we may endow the Lie algebra g A with a bilinear pairing 6) which is symmetric, non-degenerate and
The most prominent example of a 3-Lie algebra is the algebra A 4 , which is the vector space Ê 4 endowed with the following 3-bracket and bilinear pairing:
The associated Lie algebra is g A 4 ∼ = so(4) ∼ = su(2) ⊕ su (2) , and the bilinear pairing induced by the structure constants on this Lie algebra has split signature 4 : On the first su(2) it is positive definite, on the second one negative definite. Further classes of examples of real 3-algebras are given in the next section.
Matrix representations of real 3-algebras
By a matrix representation ρ(A) of a 3-algebra A, we will mean a homomorphism ρ : A → R := Mat(N, ), which forms a representation of the 3-algebra A in the following way: The invariant pairing on A is given by the natural scalar product (A, B) := tr (ρ(A) † ρ(B)) for elements A, B ∈ A and the 3-bracket is constructed using the natural operations on the matrix algebra: The product and the Hermitian conjugate. It should be stressed that ρ(A) can be a true subset of R; however, the 3-bracket is certainly required to close on ρ(A).
In the case of real 3-algebras, the matrix algebra R is restricted 5 to Mat(N, Ê) and the Hermitian conjugate turns into the transpose. In the sequel, we will often not make a notational distinction between an element A ∈ A and its matrix realization ρ(A) ∈ R and simply write A in both cases.
Such representations have been classified in [21] , and for real 3-algebras, there are in fact four families:
where α and β are arbitrary (real) parameters. Although α can always be removed from the bracket by a rescaling, we will find it convenient to keep it explicitly.
Besides forming representations, these brackets give rise to a real 3-algebra structure on Mat(N, Ê), and we denote the arising real 3-algebras by M R
(N ) is of particular importance: The real 3-algebras C 2d defined in [7] allow for representations in the class III R α,β . The 3-Lie algebra A 4 , which is a sub-3-algebra of C 4 can be identified with a real sub-3-algebra of M R III 1,−1 (4). Let us therefore expose the associated Lie algebra structure of M R III α,β (N ) in the following. A derivation δ X ∈ g A acts on an element
Thus, g A splits into two parts: one acting on A from the left and one acting from the right. The fact that g A forms a Lie algebra follows from the fundamental identity as mentioned above. In particular,
, that is, both are antisymmetric matrices and they can be chosen independently. We therefore conclude that
Moreover, a short calculation reveals that the pairing on 11) and thus for α = −β, the pairing has split signature. This property is required to render a Chern-Simons matter theory based on this gauge algebra parity invariant, see Section 3.2.
Associated 3-products of real 3-algebras
In gauge theories, the gauge potential (and its superpartners) takes values in a Lie algebra, while the matter fields take values in a representation of this Lie algebra. If the matter fields X, Y sit in the adjoint matrix representation, there is a product between these fields -the ordinary matrix product -which transforms covariantly under gauge transformations δ Λ = [Λ, ·]:
Both the matrix product and the commutator are special cases of the more general product
which also transforms covariantly. An analogous product can be introduced for representations of 3-algebras: Consider a matrix representation R of a real 3-algebra A. An associated 3-product of A in R is a trilinear map A, B, C : R × R × R → R satisfying the following identity:
This identity corresponds to the condition that the associated 3-product transforms covariantly under gauge transformations governed by the 3-bracket. Later on, this will allow us to replace ordinary 3-brackets in the superpotential by associated 3-products preserving gauge invariance. Evidently, all matrix representations of 3-brackets satisfy this identity and thus they are just special cases of associated 3-products. The general associated 3-product, however, allows for more general deformations of the superpotential than the conventional 3-bracket would do. In the Hermitian case, this includes in particular the deformations studied in [18] , as discussed later.
One may now ask for the most general 3-product, which can be written down using nothing but matrix products and transpositions, analogously to the matrix representations of 3-brackets (2.8). In the representation R of type III R α,β , the most general such product reads as 15) where α 1,2 , β 1,2 and γ 1,2 are real parameters. With respect to a basis τ a of A, we introduce the metric and the structure constants 17) which satisfy the following symmetry relations:
Analogously to the case of real 3-algebras, a Hermitian 3-algebra comes with an associated Lie algebra, which is naturally a complex Lie algebra g A . Here, we will merely be interested in a real form g A of g A that is defined as follows: Consider a basis τ a of A together with a basis τ * a of the complex conjugate A * of A. 7 An element X = X ab τ a ∧ τ * b of Re(A ∧ A * ) has components X ab satisfying X ab = −(X ba ) * , and we then define g A to be the image of the map δ : Re(A ∧ A * ) → Der(A), with X → δ X and
As in the case of real 3-algebras, closure of this bracket on g A follows from the fundamental identity. A pairing on g A can be chosen as 8 [20] (
This pairing is symmetric, bilinear, non-degenerate and ad-invariant. Note that when A is considered as the carrier space for a representation of g A , A * forms the carrier space for the complex conjugate representation.
Matrix representations of Hermitian 3-algebras
Let us now come to matrix representations of Hermitian 3-algebras as introduced in Section 2.3. It was shown in [21] that there is only one such family of representations given by a homomorphism ρ : A → Mat(N, ) and the 3-bracket
where α is a real parameter. Interestingly, this is also the representation used in [6] to recast the ABJM model in 3-algebra language.
In the following, we will denote the Hermitian 3-algebra defined by the above bracket on Mat(N, ) by M H Iα (N ). Note that the 3-Lie algebra A 4 introduced above coincides with the Hermitian 3-algebra M H Iα (2). The associated Lie algebra structure of this Hermitian 3-algebra is easily found to be g A ∼ = su(N ) ⊕ su(N ), cf. [6] : Consider an element of δ X = X ab [·, τ a ; τ b ] ∈ g A , where τ a and τ b are complex N × N -matrices and (X ab ) * = −X ba . With the definition (2.21), we obtain (α = 1)
Analogously to the case of M R III α,β (N ), we can associate the following matrices with the inner derivations:X which are both anti-Hermitian; for example, we have (
Similar considerations as in the real case show thatX R andX L can be chosen independently, exhausting the fundamental representation of su(N ). The trace part is excluded as it would have a trivial action on A. Since left-and right-actions commute, we arrive at the conclusion that
The symmetric bilinear pairing of elements δ X , δ Y ∈ g A is then given by 24) and this expression shows that the signature on g A is again split, with positive and negative signature on the left and right acting subalgebra of g A , respectively.
Associated 3-products for Hermitian 3-algebras
Consider again a matrix representation R of a Hermitian 3-algebra A. By an associated 3-product of A in R, we mean a bilinear-antilinear map A, B; C : R × R × R → R satisfying the following identity:
We specialize now to the Hermitian 3-algebra M H Iα (N ) with basis τ a for which R = Mat( , N ). Note that the τ a form a basis for both M H Iα (N ) and R. With respect to this basis, we can introduce structure constants of the associated 3-product as follows:
In the representation R of type I H α , the most general such product written in terms of matrices and Hermitian conjugation is given by the following expression: 27) where α 1,2 are complex parameters. Below, we shall solely be interested in the one-parameter family that is given by α 1 = e iβ and α 2 = e −iβ for β ∈ Ê. In analogy to the β-deformed commutator given in (1.1), we denote the
The f abc d are the structure constants of the Hermitian 3-bracket and
These symmetry properties of the structure constants g abcd can be re-phrased without referring to a particular choice of basis analogously to (2.16b) and (2.16c):
Interestingly, (2.28) will yield precisely the marginal deformations of the ABJM case recently studied in [18] .
Deformations of BLG-type actions preserving N = 2 supersymmetry
In the following, we present deformations of BLG-type actions which make use of either real 3-algebras or Hermitian 3-algebras as their gauge 3-algebra structures. We will refer to these two cases as the real and Hermitian cases, respectively. All deformations will be manifestly N = 2 supersymmetric and supergauge invariant.
Conventions
We shall use the usual superfield conventions of [22] dimensionally reduced from four to three dimensions as done in [7] . Our superfields will live on Ê 1,2|4 and their expansions are given by
for the chiral superfield and
for the vector superfield in Wess-Zumino (WZ) gauge. 9 Here, y are chiral coordinates, i, j, . . . = 1, . . . , N f are flavor indices (counting complex field components) and α, β, . . . = 1, 2 are threedimensional spinor indices. We will mostly be interested in N f = 4, but keeping N f arbitrary will prove useful as a book-keeping device. Notice that the spin group in 1 + 2 dimensions is SL(2, Ê)
and hence, we do not need to distinguish between dotted and undotted spinors. In particular, indices of barred spinors can be contracted with those of unbarred ones. Our conventions for spinor contractions are as follows: χψ := χ α ψ α ,χψ :=χ αψ α . Furthermore, σ µ are the σ-matrices in three dimensions with σ µ αβ = σ µ βα and ε αβ = −ε βα with ε αγ ε γβ = δ β α . The superfields Φ i take values in a 3-algebra 10 A, while V takes values in its associated Lie algebra g A . By a bar, we shall mean the appropriate complex conjugation operation (i.e. that of components and that of the gauge algebra representation).
To make our notation more concise, we shall always write X(A) or even XA as a shorthand for the action of an element δ X of the associated Lie algebra g A on A ∈ A.
Deformations of the superfield action in the real case
We start from a Wess-Zumino model minimally coupled to a Chern-Simons theory. Correspondingly, the superfield action reads as
where d 3|4 z := d 3 x d 4 θ, cf. [23, 7] . The superfields Φ i are all in the same representation of the gauge algebra g A whose carrier space is A. The coupling constant κ is related to the ChernSimons level k via κ = k/π. Notice that the vector superfield has been rescaled appropriately to ensure that the action (3.2) has a proper free-field limit, 1/ √ κ → 0, needed for perturbation theory.
9 When discussing the quantum theory, we will not fix WZ gauge; see below.
10 i.e. either a real or a Hermitian 3-algebra
Recall that the ordinary Chern-Simons Lagrangian containing the Killing form of the Lie algebra as bilinear pairing receives a total sign under parity transformations. Many real 3-algebras, however, come with an associated Lie algebra of the form g A ∼ = g 1 ⊕ g 2 , where g 1 ∼ = g 2 , and the bilinear pairing is positive definite on g 1 and negative definite on g 2 . The Chern-Simons Lagrangian then splits into two pieces of Chern-Simons type with a relative sign between the two Chern-Simons levels. Parity invariance can now be restored by postulating that under this transformation, the first Chern-Simons Lagrangian transforms into the second one and vice versa.
We also allow for superpotential terms, which we take to be of the following form: 11 
The couplings with upper indices are related to those with lower indices by complex conjugation,
The component form of the action S R 0 + S R 1 is given in Appendix B. Note that the double trace term in the superpotential (3.3) corresponds to a double and a triple trace deformation in the potential. Note also that when discussing Feynman rules, the quartic terms R (1) and R (2) may be formally combined into one single vertex, cf. (C.24) together with (C.22d) and (C.22e). Furthermore, the full supergauge transformations 12 are given by
where £ is the Lie-derivative
is defined via its series expansion and Λ andΛ are the chiral and antichiral gauge parameters.
By construction, the above model has at least N = 2 supersymmetry. Higher supersymmetry depends on the underlying 3-algebra and the choices for the coefficients in the superpotential. For instance, the original BLG model corresponds to
which yields the maximally supersymmetric theory with N = 8 supersymmetry.
11 We could also have included terms involving the associated 3-product, but in the real case the ordinary 3-bracket already allows for marginal deformations. Additionally, one could introduce mass deformations of the form d 3|2 z Rij (Φ i , Φ j )+c.c. but in this work we shall only be concerned with deformations that do not break conformal invariance already at the classical level. 12 after performing the integral over t
Deformations of the superfield action in the Hermitian case
In the Hermitian case which is based on Hermitian 3-algebras, the SU(N f ) flavor multiplet will not be chiral, as discussed, e.g., in [10] . Therefore, we have the set of chiral superfields
. That is, we split the flavor index i = 1, . . . , N f into a pair m,ṁ = 1, . . . , N f /2, where Φ m andΦṁ will now be in the same representation of the gauge algebra whose carrier space is A. Accordingly, we have to adjust the model here to read as
The unusual contraction of the flavor indices is due to the antilinearity of the third slot in the Hermitian 3-bracket and the first slot in the Hermitian pairing, respectively. The coupling constant κ is again related to the Chern-Simons level k via κ = k/π. We will allow for the following superpotential deformations, which preserve classical conformal invariance:
where [·, ·; ·] β was defined in (2.28). The symmetry structure of the couplings here read as 10) and the relations of couplings with upper indices to the ones with lower indices are
For the particular choice β = 0, the β-3-bracket reduces to the Hermitian 3-bracket. In this case, the coupling H
mnṁṅ has the additional symmetry properties H
(1)
mnṅṁ . Thus, for N f = 4 it is of the form H (1) mnṁṅ ∼ ε mn εṁṅ. Moreover, supergauge transformations in this case are given by
Note again that the representation formed by Φṁ is the complex conjugate representation of Φ m . We refer to Appendix B. for the component version of the above actions (for β = 0).
The ABJM model as formulated in [6] is obtained by choosing A = M H Iα (N ) together with the couplings
and putting α = 1 in (2.21), one obtains exactly the ABJM model as written down, e.g., in [24] .
Marginal deformations of the BLG and ABJM models
All the superpotential terms introduced in the previous section are classically marginal. Recall that they were captured by parameters R (ℓ)
ijkl and H (ℓ)
ijkl for ℓ = 1, 2. In the following, we will examine their behavior under quantization.
While the beta function of a pure three-dimensional WZ model is zero due to an argument analogous to [25] , the situation is different when we couple the model to a Chern-Simons action, cf. [14] : In SYM theories it is possible to argue that the couplings in the superpotential do not renormalize by promoting the gauge coupling to a chiral superfield. The Chern-Simons level, however, is not a continuous parameter, and therefore this argument does not apply here. Fortunately, it is known that the Chern-Simons level itself does not receive any quantum corrections, see e.g. [26, 27] , even if the model is coupled to arbitrary renormalizable matter theories. 13 It therefore suffices to study the beta function of the superpotential couplings.
Quantum action in the real case
To discuss the renormalization of our models, we find it convenient to perform the quantum computations directly in superspace. For textbook treatments of the supergraph formalism in the SYM case in four dimensions, which is very similar to our discussion below, we refer e.g. to [32] .
Let us start from the action (3.2) in the real setting. The Hermitian case of (3.8) is treated analogously, and we will discuss the differences in Section 4.5. We shall suppress the superscript R in the following.
First, let us expand (3.2) in powers of V . For our purposes, it will be enough to keep terms only up to O(V 3 ), To quantize this action, we adopt a supersymmetric Landau gauge as done e.g. in [33, 26] . The corresponding gauge fixing term reads as 14
2)
where we take the limit αβ → 0. Here, α and β are dimensionless parameters and D 2 := D α D α andD 2 :=D αD α . Accordingly, the Faddeev-Popov action is
13 cf. also the discussion in [28] [29] [30] and more recently in [31] .
14 Alternatively, we could have introduced the usual gauge fixing Lagrangian
the cost of having a dimensionful gauge parameter ξ; in fact, since V is dimensionless, ξ is of mass-dimension 1.
As a consequence, the corresponding gluon propagator has a bad IR behavior for ξ = 0. However, for ξ = 0 the propagator is the same as the one given in (4.9a) for αβ → 0.
where the c are the ghosts while the b are the antighosts; these are (anti)chiral superfields.
As one may check, S gf + S gh is invariant under the following BRST transformation laws:
where η is some anticommuting parameter.
For our purposes, we will need S gh only to O(V 1 ),
The full quantum action is then given by
In order to have a compact form of the Feynman rules, we use capital Roman letters A, B, . . . = 1, . . . , dim g A to denote gauge algebra indices. For this, it is important to note that there is a priori no bijection between pairs of indices ab denoting elements of Λ 2 A and an index A corresponding to an element of g A . This is due to the fact that δ : Λ 2 A → g A is not injective in general (with an exception being the case of the real 3-algebra A 4 ). This point has to be carefully taken into account in all the calculations in the following.
In terms of the gauge algebra indices, the invariant form ((·, ·)) on g A is simply given by
We assume that G AB has an inverse denoted by G AB with G AC G CB = δ A B . Note that the identification G AB = f abcd holds only if δ is a bijection (as is the case for A = A 4 ). The structure constants of g A are denoted by F AB C . In interactions like the 3-gluon vertex, the quantity
Moreover, we will use multi-indices I = ia combining flavor and 3-algebra indices whenever convenient. For example, vertices like
that appear in the expansion of (Φ i , e − 2i √ κ V Φ i ), will be written as
where
We stress again that the identification T AI J = f abc d δ j i works only if δ : Λ 2 A → g A is a bijection.
Feynman rules
We have now all the necessary ingredients to write down the momentum space Feynman rules for our theory (∂ µ → −ip µ ).
Propagators:
The propagators are found to be 15
where all derivatives are understood to depend on p and to act on θ 1 . 16 Here, we suppressed the usual iε-prescription of the poles. As already indicated, in this work we will use Landau gauge with αβ → 0. We shall also use the conventionD α D α =DD.
Vertices:
Vertices can be read off directly from the action (4.6), and for the reader's convenience we have summarized them in Appendix C. As for SYM theory in superspace language, there is one additional feature that for each chiral or antichiral line leaving a vertex there is a factor of − 
Integration, symmetry factors and regularization:
First, there are the usual loop-momentum integrals 3 for each loop and momentum conserving delta functions. Second, we integrate over d 4 θ at each vertex. Finally, the usual symmetry factors associated with the diagram have to be taken into account.
Our regularization prescription is as follows: We will perform all manipulations of the formulae in D = 3, N = 2 superspace and only compute the final loop-momentum integrals in dimensional regularization. This prescription corresponds to dimensional reduction [34] , a procedure, which is known to be valid at least up to two loop order [29] .
Powercounting
Before performing the calculation, it is useful to look at the superficial degree of divergence δ(Γ) of some diagram Γ.
With the given Feynman rules, the gluon propagator V V scales as 1/p for large momenta while the propagators for the matter ΦΦ and the ghosts cb and bc go like 1/p 2 . The V n vertex scales as DD ∼ p, each vertex of type ΦV nΦ goes like D 2D2 ∼ p 2 and the Φ 4 andΦ 4 vertices behave asD 6 ∼ p 3 and D 6 ∼ p 3 , respectively. Any ghost/gluon interaction goes like D 2D2 ∼ p 2 . Then each external chiral or antichiral line (matter and ghost lines) goes like 1/D 2 ∼ 1/p or 1/D 2 ∼ 1/p. Finally, as in SYM theory in four dimensions [35] , for each loop one may reduce all the d 4 θ-integrals to just a single one by partially integrating the D-andD-derivatives, hence leaving each loop-momentum integral to behave as d 3 
Altogether, the superficial degree of divergence is thus given by
where V g is the number of purely gluonic vertices, V cg the number of matter/gluon and ghost/gluon interactions and V c is the number of purely chiral vertices of Γ. Then, I g is the number of internal gluon lines, I c is the number of ghost and matter lines and E c is the number of external ghost and matter lines. Finally, L is the number of loops.
Using the formulae
we eventually arrive at
Comparing this with the result of SYM theory in four dimensions, [35] , we conclude that δ SCS = 1 2 δ SY M . Equation (4.12) then tells us that all diagrams with more than two external chiral lines are superficially convergent. Notice that (4.12) can be refined further. When partially integrating the supercovariant derivatives some of them will get transferred to external lines (when, e.g., computing the wave function renormalization of the vector superfield or the renormalization of the superpotential). If we let N D be the number of D-andD-derivatives that are transferred to external lines, then the superficial degree of divergence is given by
(4.13)
Two-loop renormalization in the real case
Let us now come to the computation of the beta functions β ijkl with ℓ = 1, 2. Upon rescaling Φ i 0 = (Z 1/2 ) i j Φ j , where the subscript '0' refers to the bare quantities, we find
and hence
denotes the anomalous dimension of the field Φ i and Z 
To compute β (ℓ)
ijkl , we emphasize that there is no one-loop renormalization, as there are no Feynman diagrams which could potentially contribute. Note that Lemma 3 of [26] is very helpful here, as it immediately rules out contributions from large classes of diagrams. The first non-trivial result is found at two loops. From the discussion in the previous section, we conclude that all four-point functions are superficially convergent and indeed, by inspecting all two-loop four-point diagrams of types ΦΦΦΦ and ΦΦΦΦ explicitly, one realizes that they all are convergent: There is a single such diagram potentially contributing (the two-loop gluon correction to the vertex), which is, however, convergent. We are therefore left with
Moreover, there are only three diagrams that contribute to γ j i and they are displayed in Fig. 1 . All other diagrams either vanish by supersymmetry or by their respective color structure or they are simply finite.
Furthermore, it will be helpful to introduce the following operators: 17) and one can show that they commute with all T A . However, the T A need not form an irreducible representation of g A in general, so Schur's lemma cannot be applied directly. Nevertheless, it turns out that for the 3-algebras we are interested in, i.e. A 4 and the class M R III α,β (N ) and also later for M H Iα (N ), the operators (4.17) are indeed proportional to the identity. In these cases, we define
The explicit values of k 1 , k 2 and k 3 for the various matrix representations are listed in Appendix A. To be concise, we will give all our formulae using these constants in the following. Let us start from diagram 1a). Using the Feynman rules listed in the previous section and in Appendix C., this diagram is given by the following integral: 19) where δ 12 := δ (4) (θ 1 − θ 2 ); the 1/2 is the symmetry factor. We arrive at this expression after making use of the transfer rule 20) where D represents both, D andD. Integrating by parts and by employing the D-algebra {D,D} ∼ p, {D, D} = 0 and {D,D} = 0, the integral (4.19) simplifies to
Thus, the contribution of
In a very similar manner, we find the contribution coming from diagram 1b) to be (b) : δZ and d = dim A is the dimension of the 3-algebra. These relations follow from the fundamental identity. We refer to Appendix A., where we list c 1 , c 2 and c 3 for the matrix representation Finally, we need to find the contribution coming from diagram 1c). To compute this diagram, it is useful to perform the calculation in two steps. Let us first compute the one-loop contributions to the gluon self-energy Π. For this, we introduce the usual superspin projectors P 0 and P 1/2 , 25) which obey
With these, the relevant diagrams displayed in Fig. 2 contribute according to
as follows by using the Feynman rules listed in Section 4.1. and in Appendix C. Summing up the terms (4.27), we find
Note that the longitudinal part P 0 does not appear in this expression as required by the Ward identity for the vector superfield propagator.
Using the result (4.28), we can now derive the contribution to the anomalous dimension of Φ i coming from diagram 1c). After some algebraic manipulations, we arrive at (c) :
Collecting all the results, (4.22), (4.23) and (4.29), we finally obtain 
ijkl and β 31) and this expression vanishes for either λ = 0 (because R
The latter value of λ is precisely the value for the original BLG model (3.7). Furthermore, one might check that the phase of λ does not flow (see also Section 4.6.). To characterize the fixed points, it is therefore sufficient to consider the modulus of λ. The value |λ| = 0, the minimally coupled Chern-Simons matter theory, is thus a UV stable fixed point, while |λ| = 1 4!κ , the BLG model, forms an IR stable fixed point.
Two-loop renormalization in the Hermitian case
Let us now discuss the Hermitian case with the action given by (3.8), (3.9), (4.2) and (4.3). The calculation is essentially the same as in the real case modulo some changes in the color/flavor structure of the diagrams due to the two different types of matter that transform in opposite representations of the gauge group.
We introduce again
and assume that G AB has an inverse. Due to the ad-invariance of ((·, ·)), the structure constants F ABC := F AB D G CD are totally antisymmetric, as in the real case. Here, we have to use multiindices of two types: I = am andİ = aṁ . Correspondingly, the chiral superfields read as Φ I and Φİ and their conjugates areΦ I andΦİ ; in writing this, we are implicitly using the metric h ab as we did in the real setting. With these conventions, the propagators are essentially the same as those listed in (4.9). The vertices are displayed in Appendix C. Everything else like regularization and power counting works, of course, as in the real setting.
The beta functions for the two couplings H (ℓ) mnṁṅ with ℓ = 1, 2 are here given by 
Using the conventions introduced above, the diagrams in Fig. 1 yield the following contributions to the wave function renormalization:
and
For the explicit values of the Casimirs k i , c i and c ′ i in the matrix representation M H Iα (N ), we refer to Appendix A. Altogether, we obtain the following anomalous dimensions:
, (4.36a)
(4.36b)
These expressions may be substituted into (4.34) to arrive at the final result for the beta functions. As a check, let us consider the ABJM model. In that case we have, β = 0, N f = 4, H
mnṁṅ = λε mn εṁṅ for some constant λ and H (N ) and hence 37) and thus, we recover precisely the value |λ| = 1 4κ for the ABJM model; see equations (3.13) . For N = 2, this of course agrees with the result (4.31) as for this particular value of N , the ABJM model coincides with the BLG model. As in the real case, the phase of λ does not flow (see also Section 4.6.) and so we can restrict ourselves to the modulus |λ|. Therefore, the conformal fixed point corresponding to the ABJM model forms an IR fixed point, just like in the case of the BLG model.
Discussion of the results
The above expressions for the anomalous dimensions and the resulting expressions for the beta functions certainly allow for many conformal fixed points depending on the particular choices of the superpotential couplings and of the underlying 3-algebra structure. For this reason, we shall merely discuss two examples. We hope to report on a more thorough analysis elsewhere. In our subsequent discussion, we assume that N f = 4.
Real 3-algebras:
Let us consider A = A 4 . We recall that in this case the Casimirs are given by
(4.38)
Furthermore, we take
with λ ℓ = r ℓ e iϕ ℓ . Plugging these values into the expression (4.30) for the two-loop anomalous dimension, one finds that the corresponding beta functions are given by
The zero-locus f (r 1 , r 2 ) = 0 defines an ellipse in Ê 2 ,
We thus obtain a one-parameter family of marginal multi-trace deformations (i.e. double-trace in superfields and double-and triple-trace in components) of the BLG model, the latter corresponding to t = 0. Furthermore, (4.40) implies the following equations for the running couplingsλ ℓ =r ℓ e iφ ℓ :
where dot means a total derivative with respect to log(p/µ). Hence, the phasesφ ℓ do not flow.
To get a more intuitive picture of the situation, we plotted the function f (r 1 , r 2 ) in Fig. 3 for r 1 , r 2 > 0. From the figure it is then clear that every point on the fixed point locus of the beta functions corresponds to an IR fixed point of the renormalization group, as the derivative of the function f (r 1 , r 2 ) in the direction of the outward normal of the curve is positive. Notice further that the minimally coupled Chern-Simons matter theory, r ℓ = 0, is a UV fixed point. Thus, by turning on the above deformation at r ℓ = 0, the theory flows to one of the points on the curve f (r 1 , r 2 ) = 0 in the IR.
Hermitian 3-algebras:
Let us now perform a similar analysis in the Hermitian setting. We take A = M H I α=1
(N ). In this case, we know that
and d = N 2 . Let us focus on superpotential couplings of the form
(4.44)
Note that λ 2 controls the multi-trace deformations. Substituting these expressions into (4.36) for the two-loop anomalous dimension, we find after some algebraic manipulations that the beta functions (4.34) vanish if (λ ℓ = r ℓ e iϕ ℓ and ρ = r 3 e iϕ 3 ) a r 
For ρ = −2 and λ 2 = 0, we find the β-deformed ABJM model that was discussed in [18] by studying the gravitational dual of the theory while for ρ = 0 (implying β = 0 without loss of generality) and λ 2 = 0, we obtain a marginal multi-trace deformation of the ABJM model.
Conclusions and outlook
In summary, we have described marginal deformations of Chern-Simons matter theories that are based on real and Hermitian 3-algebras. In particular, we wrote down the most general superpotentials consisting of single-and multi-trace terms that are i) conformally invariant at the classical level, ii) compatible with N = 2 supersymmetry and iii) supergauge invariant. For these superpotential terms, we computed the two-loop beta functions using N = 2 supergraph techniques. As familiar from four dimensional SYM theories, supergraphs turned out to be a powerful tool also in the case of supersymmetric Chern-Simons matter theories: The calculation of the two-loop beta functions boiled down to the computation of the three Feynman supergraphs displayed in Fig. 1 . We expressed our results concisely in terms of certain "Casimir invariants" of the underlying 3-algebra and its associated Lie algebra. Using our expressions for the beta functions, we confirmed conformality of both the BLG and ABJM models. In addition, we discussed β-deformations of the ABJM model and certain marginal multi-trace deformations of both the BLG and ABJM models, explicitly. We mostly focused on the 3-algebras M R III α,β (N ) and M H Iα (N ), but a similar analysis can easily be carried out for other 3-algebras.
Even though real and Hermitian 3-algebras already allow for classes of marginal deformations, we found that not all deformations, and in particular not the β-deformations of [18] , are captured by 3-brackets. Instead, one has to introduce an associated 3-product, i.e. a triple product that transforms covariantly under gauge transformations. This is in the same spirit to what happens in four-dimensional SYM theory, where one replaces the Lie bracket by some deformed bracket. To discuss β-deformations of the ABJM model, for instance, we were led to introduce the β-3-bracket (2.28), which is just a special instance of an associated 3-product. As far as β-deformations are concerned, we mainly focused on the Hermitian case. Here, we obtained an independent confirmation of the deformations studied in [18] . Note, however, that more general deformations than the β-deformations we focused on can in principle be discussed in both the real and Hermitian cases using associated 3-products.
The most interesting open question is certainly to what extent our deformations are exactly marginal, or at least, to all orders in perturbation theory. Because of the many simplifications which arise, e.g., due to Lemma 3 of [26] , one might be able to make precise statements using our superfield formulation. Otherwise, it might be necessary to switch to a different description as, for example, light-cone superspace as done in [36] for β-deformations of N = 4 SYM theory.
Another point is certainly to study the 't Hooft limit of our deformed theories 17 and identify all geometries which form their gravitational duals, extending the work of [18] . Vice versa, one could reformulate some of the deformations considered in [18] in terms of 3-algebra language to gain more insight into the 3-algebra structures involved.
Finally, it would be interesting to extend the analysis of [10, 12] to our deformed BLG-type models and to study a possible correspondence of the dilatation operator in these models to the Hamiltonian of an integrable spin chain, using superspace and 3-algebra language. This is possible, because the operators considered in [10] can easily be formulated in terms of the associated 3-products introduced in this work.
Appendices

A. Casimirs for matrix representations
In this appendix, we discuss the Casimirs k i and c i that appear throughout this work for the different matrix representations.
Casimirs c i and k i for the real 3-algebra M R
The underlying vector space for this real 3-algebras has dimension N 2 and one easily finds a basis with elements satisfying the following relations
With the above formulae, the three Casimirs c 1 , c 2 and c 3 defined by
can be computed straightforwardly and we obtain
The Casimirs k i can similarly be calculated by using identities for the appearing generators of g A ∼ = o(N ) ⊕ o(N ) together with formula (2.11) for the bilinear form ((·, ·)) on g A . We find here that
Note that the algebra A 4 is a sub-3-algebra of the 3-algebra M R III 1,−1 (4). In this case, one can compute the Casimirs directly from the structure constants and the fact that g A = su(2) ⊕ su(2) and we obtain The underlying vector space here is spanned by generators of U(N ) in the fundamental representation. For simplicity, we fix α = 1, as we did throughout most of the paper. As basis τ a , we have N 2 anti-Hermitian N × N -matrices and we choose them such that we have the following identities:
From these, one obtains for the Casimirs c 1 , c 2 and c 3 , which are defined by
the following expressions:
In addition, we have
(2) = A 4 , and the above formulae (A.8) and (A.9) reproduce indeed (A.5) for N = 2.
Remarks on the bracket [A, B; C] β :
Recall the form of the β-3-bracket
Therefore, apart from the Casimirs c i we also have the c ′
Explicitly, we obtain the following values:
B. Component form of the actions
In this appendix we give the component form of the superspace actions in WZ gauge.
Component action in the real case:
In terms of the component fields (3.1), the action (3.2) reads as
(B.13) where ∇ αβ := σ µ αβ ∇ µ . Upon performing the integrals over the fermionic directions, the component form of the superpotential term (3.3) is given by
14)
The next step is to eliminate the auxiliary fields. After varying S R = S R 0 + S R 1 , we find the following (algebraic) equations of motion for F i ,F i , D, σ, λ andλ: 15) and hence
ijkl (φ l , φ k )φ For the reader's convenience, we finally extract the multi-trace terms explicitly:
(B.17)
Component action in the Hermitian case:
Let us now discuss the Hermitian case. Here, we shall assume that β = 0, i.e. we work with the usual Hermitian 3-bracket in the superpotential. In terms of the component fields where A is an arbitrary field taking values in A. We may now substitute these expressions into equations (B.18) and (B.19) to arrive at the final expression for the component action. Since this is a rather lengthy expression and moreover basically of the same form as (B.16), we shall not display the full action here but only give the multi-trace terms:
mnṁṅ (ψṁ α , ψ mα )(φṅ, φ n ) + (ψṁ α , φ m )(φṅ, ψ nα ) (B.21)
C. Feynman rules: Vertices
Vertices for real 3-algebras:
Let us list the Feynman rules for the vertices in Landau gauge αβ → 0. They are: The coefficients appearing in (C.22d) and (C.22e) are
ijkl h ab h cd s = iljk f adbc + R (2) ijkl h ab h cd + R (2) iklj h ac h db + R (2) iljk h ad h bc , R IJKL = R (C.24) The subscript 's' refers to total symmetrization in the multi-indices IJKL.
Vertices for Hermitian 3-algebras:
In the Hermitian case, the Feynman rules for the vertices are very similar to the ones for real 3-algebras. The purely gluonic and gluon/ghost vertices are the same and we shall again adopt Landau gauge. The only difference is in the gluon/matter and pure matter vertices, since we have two different types of matter: Φ I and Φİ. We have where 's' refers again to total symmetrization.
